Abstract. In this paper, it is investigated for an inhomogeneous Dirichlet problem with L p boundary data for polyharmonic equation in the upper halfplane. By using higher order Poisson kernels and Pompeiu operators, which are respectively due to
Introduction
In recent years, a great deal of activities were given to investigate boundary value problems (simply, BVPs) for higher order elliptic partial differential equations in various planar and higher dimensional domains. There were a lot of results exhibiting the development in this field [3-13, 20-25, 29-31] . Generally speaking, the development included two directions: one was to find out the explicit solutions for the model equations (such as biharmoic, polyharmonic, polyanalytic equations etc.) on some regular domains (for instance, the unit disc or ball, the upper halfplan or -space and so on); the other was to study the existence and uniqueness of solutions for general elliptic equations on general (non-smooth) domains (such as C 1 , Lipschitz, non-tangentially accessible domains (see [17] ) and so on) under some different a priori estimates. Now in both directions many works are mainly concentrated on the study of BVPs with low regularity data on the coefficients of the equations and the boundary of the domains. With such view, this article is touching on a result in the former direction. More precisely, this article is devoted to solve the following inhomogeneous polyharmonic Dirichlet problems with L boundary data in the upper half-plane, H, i.e.
(1.1) ∆ n u = g in H,
, where 0 ≤ j ≤ n − 1, H = {z ∈ C : Rez ∈ R and Imz > 0}, ∂H = R, ∆(= ∆ z ) = 4∂ z ∂z is the Laplacian with ∂ z = where Γ α (x) is the non-tangential approach cone with the vertex at (x, 0) and the aperture α > 0, viz., Γ α (x) = {z ∈ H : |Rez − x| < αImz}.
It is noteworthy that all the boundary data in BVP (1.1) are non-tangential.
In 2008, Begehr, Du and Wang studied the same boundary value problem with Hölder continuous data on the unit disc but for the homogeneous polyharmonic equation [5] . In their paper, Begehr, Du and Wang found that an integral representation solution for the problem could be given by some kernel functions satisfying some certain properties. Although there existed an inductive relation by the Laplacian among the kernel functions, it was hard to get the explicit expressions for the kernel functions and the integral representation solution by their method in terms of iterated poly-Cauchy integral operators. By studying the properties of the kernel functions stated in [9] and introducing some new ideas, Du, Guo and Wang firstly gave the unified explicit expressions for all the kernels functions on the unit disc in terms of some convergent series (see [7, 9] for details, however, more concisely and understandably appeared in [10] ). From then on, such kernel functions were called higher order Poisson kernels since they are higher order analogues of the classical Poisson kernel. Furtherly, Due to Du et al., the higher order Poisson kernels were explicitly constructed for the upper half-plane, the unit ball and the upper halfspace respectively, and the corresponding L p homogeneous polyharmonic Dirichlet problems (simply, PHD problems) on these domains were surely resolved by giving the integral representation solutions in terms of higher order Poisson kernels as kernel densities of the integrals [11] [12] [13] . More earlier, in 1997, to study higher order complex elliptic BVPs, Begehr and Hile introduced a class of kernel functions and defined a hierarchy of integral operators in terms of these kernels (see [3] ), which are higher order analogues of the classical Pompeiu operators, or T and T operators as well as Π and Π operators familiarly analyzed in Vekua's theory of generalized analytic functions [28] . So we call these integral operators introduced by Begehr and Hile to be higher order Pompeiu operators. In fact, Begehr and Hile's kernels and integral operators are extremely useful in the study of explicit solutions for higher order complex elliptic BVPs but their importance were neglected for a long time. Even by using higher order Poisson kernels and Begehr-Hile kernels, it will be easy to get some Green functions associated with some higher order complex elliptic operators for some planar domains. In this paper, we will take advantage of higher order Poisson kernels for the upper half-plane and Begehr-Hile integral operators (or higher order Pompeiu operators) to get the integral representation solution of the BVP (1.1) under a certain estimate, and as a byproduct to obtain a Green function associated with the polyharmonic operators on the upper halfplane. Nevertheless, the results in this paper are only the tip of the iceberg as applications of Begehr-Hile kernels and operators. Under more smooth conditions for the boundary data, the corresponding results in the case of the unit disc can be found in the dissertation due to Du [7] .
Higher order Poisson kernels and Pompeiu opertors
In this section, we sketchily present some results about the higher order Poisson kernels and Pompeiu operators. The details for these results can be seen in [3, 11] .
2.1. Higher order Poisson kernels. It is well known that the classical Poisson kernel is the key ingredient in giving the explicit solution (i.e., Poisson integral) to the Dirichlet problem for Laplace equation on the upper half-plane (see [15, 26] ). To solve a corresponding problem for the homogeneous polyharmonic equation on the upper half-plane, in [11] , Du, Qian and Wang constructed the higher order Poisson kernels for the upper half-plane (There these kernels were called to be higher order Schwarz kernels since they were expressed in terms of complex variables), which are higher order analogues of the classic Poisson kernel for the upper half-plane. The precise definition of these kernels is as follows: defined on H× R is called a sequence of higher order Poisson kernels, and, precisely, G n (·, ·) is the nth order Poisson kernel, if they satisfy the following conditions:
(1) For all n ∈ N, G n (·, ·) ∈ C(H × R); G n (·, t) ∈ C 2n (H) with any fixed t ∈ R; and G n (z, ·) ∈ L p (R), p > 1, with any fixed z ∈ H, and the non-tangential boundary value lim z→s z∈H,s∈R
exists for all t and s = t; G n (·, t) can be continuously extended to H\{t} for any fixed t ∈ R;
and G n (i, t) = 0, n ≥ 2 and t ∈ R, and for any
, where D c is any compact set in H, M , T are positive constants depending only on D c and n; (3) (∂ z ∂z)G 1 (z, t) = 0 and ∆G n (z, t) = G n−1 (z, t) for n > 1; (4) lim
lim z→s,z∈H
where all the above limits are non-tangential.
To get the explicit expressions of these kernels, the following decomposition theorem of polyharmonic functions is crucial.
Lemma 2.2 ( [7, 9] ). Let D be a simply connected (bounded or unbounded) domain in the complex plane with smooth boundary ∂D, f be a real-valued n-harmonic function defined on D (i.e., ∆ n f = 0 in D), then for any z 0 ∈ D, there exist functions f j , which is analytic in D and has at least jth order zero at z 0 , j = 0, 1, . . . , n − 1 such that
where Re denotes the real part. Moreover, the above decomposition of f is unique in some certain sense (more precisely, see [9] ).
Remark 2.3. The above lemma is elementary. The biharmonic case was due to Goursat [16] , while two variants of the polyharmonic case can be respectively seen in [2, 5] .
In our case, let D = H and z 0 = i, by essentially using the above lemma, we can obtain
is a sequence of higher order Poisson kernels defined on H×R, i.e., G n (z, t) ∞ n=1 fulfills the aforementioned properties (1)- (5) in Definition 2.1, then, for n > 1, there exist functions
Moreover, 
is analytic in H for any fixed t ∈ R and G n,j (z, ·) ∈ L p (R) for any fixed z ∈ H) , the non-tangential boundary value lim z→s z∈H,s∈R
We can further show that G n,j (·, t) can be continuously extended to H\{t} for any fixed t ∈ R, and 
for any s ∈ R and n ≥ 2.
In fact, Lemma 2.4 has provided an algorithm to obtain all explicit expressions of higher order Poisson kernels. The explicit formulae are in the following Lemma 2.5 ( [11] ). Let G n,n−1 and G n be stated as in Lemma 2.4, then for any n ≥ 2,
where C j n−2 are the binomial coefficients, z ∈ H and t ∈ R. 2.2. Higher order Pompeiu operators. In [3] , Begehr and Hile firstly introduced a class of kernels and systematically defined a hierarchy of integral operators (Although some special class of these integral operators have already appeared in the works due to Dzhuraev [14] ). Their integral operators are some extensions of the area integral appearing in the classical Cauchy-Pompeiu formula. The latter is a weakly singular integral operator which was called T operator in the Vekua's theory of generalized analytic function, which and its adjoint T operator, as well as Π operator and its adjoint Π operator (formally, Π =: ∂ z T in the sense of classical or weak derivatives), play an important role in the study of Beltrami and generalized Beltrami equations as well as some second order complex elliptic equations.
More precisely, the Begehr-Hile kernels are defined as follow 
where the summations are zero when m = 1 or n = 1.
By means of the above kernels, Begehr and Hile introduced the following convolution integral operators, which are higher order analogues of T and Π operators. So we call them higher order Pompeiu operators. 
where χ D is the characteristic function of D, z = x + iy and ζ = ξ + iη.
Obviously,
and In the sequel, we only need to use the kernels K n,n and the operators T n,n,D with n ≥ 1 in a modified version. In our case, for any p ≥ 1, it is easy to see that K n,n (z − ζ) is not L p integrable with respect to z ∈ H and ζ ∈ R when the another variable is fixed, and T n,n,H w(z) is not L p integrable in H, R or H even if w obeys the condition (2.4). So we must make some modifications for K n,n and T n,n,H to obtain the L p integrability for T n,n,H w, which will be a crucial ingredient in the method of below. Before tackling the main problem, we need some preliminaries stated in what follows. To make the kernels K n,n become L p integrable, according to the above definition, we need try to expand them as a sum of singular part and integral part of them (then discard their singular parts). Fortunately, this can be done by introducing the ultraspherical (or say, Gegenbauer) polynomials, P (λ) l and Q (λ) l , which can be defined respectively by the generating functions as follows:
where λ = 0, 0 ≤ |r| < 1 and |ξ| ≤ 1.
have the following explicit expressions:
] denotes the integer part of l 2 . For some special values of λ, say λ = λ 0 , the above expressions may be extended and interpreted as limits for λ → λ 0 (for example, λ is a non-positive integer). The properties of the ultraspherical polynomials can be also found in [1, 27] .
For sufficiently large |ζ| ≥ |z| and any real numbers λ = 0,
where z = |z|e iθ and ζ = |ζ|e iϑ .
Similarly, we have
With the above preliminaries, we define modified Begehr-Hile kernels and Higher order Pompeiu operators on the upper half-plane in the case of m = n as follows Definition 2.9. Let K n,n be as above, and w be a suitable complex function in H, then for any z, ζ ∈ H and z = ζ, define
and (2.13)
where z + i = |z + i|e iθ and ζ + i = |ζ + i|e iϑ , K n,n and T n,n,H are respectively called to be modified Begehr-Hile kernels and higher order Pompeiu operators of (n, n)-typed on the upper half-plane, more concisely, (n, n)-typed mBH kernels and mHOP operators on H. (In Section 4, we also simply use T n,H instead of T n,n,H .) Remark 2.10. In the above definition, the −i can be replaced by any other point z 0 ∈ C \ H, i.e., any point in the lower-half plane, whose role is to assure the integrability of S.P.[K n,n ] in any bounded subset of H. Now we study some properties of the kernels K n,n and the operators T n,n,H for any n ∈ N.
for any z ∈ D and ζ ∈ H \ B(−i, R) with R > M D , where 0 < ǫ < 1, the constant M depends only on n, ǫ, M D and R.
Proof. Since z ∈ D and ζ ∈ H \ B(−i, R) with R > M D , then |z + i| < |ζ + i|, by a similar argument as the following (2.40), we further have that
for any 0 < ǫ < 1, where C(· · · ) are some constants depending only on the quantities in the parentheses. In the last inequality, we have used the elementary fact lim ρ→+∞ log ρ ρ 1−ǫ = 0 as 0 < ǫ < 1.
Theorem 2.12. Let K n,n be as in the above definition, then for any z, ζ ∈ H and z = ζ,
Proof. By the definitions of K n,n and K n,n , the claim (1) is obvious. To verify (2), by a direct calculation, we have
for any z, ζ ∈ C and z = ζ. So
for any z, ζ ∈ H and z = ζ. For sufficiently large |ζ| (thus |ζ + i|), by Definition 2.8, Theorem 2.11 and the expansion expression of K n,n as a series of |z+i| |ζ+i| , the RHS
of (2.18)=O(1/|ζ + i| 2+ǫ ) with 0 < ǫ < 1, while the LHS of (2.18)=O(1/|ζ + i| 2 )+ higher order terms of |ζ + i|. Since the series is absolutely convergent when |z + i| ≪ |ζ + i|, then by differentiating term by term and comparing the coefficients (with respect to 1 |ζ+i| l ) of two hand sides of (2.18), we obtain that
hold for any sufficiently large |ζ| (and thus for all |ζ|).
Remark 2.13. Note that
by a similar argument, we can prove that
and (2.23)
By (2.20) and (2.23), there are some identities implied in them for which we will not pursue to detailedly get in the present paper.
Definition 2.14. Let w be a nonnegative locally integrable function defined on H with values in (0, ∞) almost everywhere, For any k, α > 0, if w satisfies that (i) |ζ + i| k+α 1 + log |ζ + i| w
be the set that consisting of all (p, k, α)-weights on H. (Note that, two conditions (i) and (ii) are the same as p = 1.) Remark 2.15 (The properties of W p,k,α (H)). It is easy to check the following nest relations:
for any p > q ≥ 1, k > l > 0 and α > β > 0.
Theorem 2.16 (L p boundedness of T n,n,H ). Let T n,n,H be as in Definition 2.9,
for any p ≥ 1, where L p wj (H) denotes the set of all weighted L p integrable functions on H with the weight w j , j = 1, 2; C are some constants depending only on n and p. 
where C n,p is a constant depending only on n and p. To get the above estimate, for any fixed ζ ∈ H, split
It is easy to know that
where C p is a constant depending only on p. For I 1 , since |x − ζ| ≤ 3|ζ + i| when |x + i| ≤ 2|ζ + i| and x ∈ R, we have
where C(· · · ) are some constants depending only on the quantities in the parentheses (The same conventions are also applied in the above (2.15) and what follows). For I 2 , in this case, since |x + i| ≤ |ζ + i|, by (2.12), then
Therefore,
For I 3 , similar as the last case, we have that
and further
From (2.29), (2.31), (2.33) and (2.35), we get (2.36) I ≤ C(n, p)|ζ + i| 2(n−1)p+1 1 + log |ζ + i| p .
Next turn to II. By Definitions 2.8 and 2.9, in the case of |x
where C(n) is a constant depending only on n,
. Thus there exists a positive constant M = M (n) depending only on n, such that
where the fact |ζ + i| ≥ 1 is used. Using such fact once again, (2.27) follows easily
To do so, we need exploit the following standard theorems in classical harmonic analysis.
where Γ α (x 0 ) is the cone in H with the vertex at (x 0 , 0) and the aperture α, x 0 ∈ R, α > 0; C α is a positive constant depending only on α, M[u] is the non-tangential maximal function, and Mf is the standard Hardy-Littlewood maximal function defined by Lemma 3.2 (Hardy-Littlewood maximal theorem, see [15] ). Let f ∈ L p (R), 1 ≤ p ≤ ∞, then Mf is finite almost everywhere on R . Moreover,
Mf is in weak-L 1 (R) (which is usually denoted by L 1,∞ (R)), more precisely,
where |E| denotes Lebesque's measure of the set E, A p is a constant depending only on p, Mf and α be as in the above lemma.
By Lemmas 3.1-3.2, immediately, we have Corollary 3.3. Let M, α and u be as above, then
for any f ∈ L p (R) with 1 < p ≤ ∞, where C p,α is a constant depending only on p, α. Moreover,
for any f ∈ L 1 (R), and for any f ∈ L p (R), 1 ≤ p ≤ ∞, M[u] is finite almost everywhere on R, C α is the same as in Lemma 3.1. Now we can give the existence and uniqueness of solution to the corresponding homogeneous PHD problem associated with the inhomogeneous PHD problem (1.1).
Theorem 3.4. Let {G n (z, t)} ∞ n=1 be the sequence of higher order Poisson kernels defined on H × R, which are defined in Definition 2.1 and explicitly expressed in Lemma 2.5, then for any n ≥ 1, the following homogeneous PHD problem (3.7) ∆ n u = 0 in H,
where f j ∈ L p (R), 0 ≤ j ≤ n − 1, 1 < p < ∞, and the boundary data are nontangential, is solvable and a solution is which satisfying that
where C p,α is a constant depending only on p and α, the operator M j is called to be the j-th order Poisson integral operator defined by G j (z, t)f (t)dt for some appropriate f . Moreover, the solution (3.8) is unique under the estimate of type (3.9).
By noting the estimates of G n and K n,n , stated respectively in Definition 2.1 (i.e., the property (2)) and Theorem 2.11, we know that the integrals in this formula are absolutely convergent for arbitrary z, ζ ∈ H and z = ζ. It is easy to get that G n (z, ζ) = G n (ζ, z) for z, ζ ∈ H with z = ζ, and G n (·, ζ) = 0 on R for any ζ ∈ H.
